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Let G be B 2’-closed finite group with a Sylow 2-subgroup of a tnasimal class. 
It is shown that G is 2-closed (a TI-group) if nod only if it hss 2-blocks of fl~ll 
defect only (of full or zero defect only). Using these results, it is shown that the 
TI-property (distinct Sylow 2-subgroups intcrscct trivially) is dctcrmincd 
by the cbamcter table of a finite group. 
Let G be a finite group. It is well known that (*) if G is a 2C-group (a 2-closed 
group), then G is an FD-group (every 2-block of G has full defect) and (“*) 
if G is a TT-group (the intersection of distinct Sylow 2-subgroups of <; is the 
identity), then G is an FZD-group (every 2-block of G has cithcr full defect oi 
defect zero). Since the Mathieu groups M,, and 144a4 have only one 2-block, the 
converses Cnv( *) and Cnv( **) of (“) and (**), respectively, are false. 
In [5], Harada proved that Cnv( *) holds if C has an Abelian Sylow 2-subgroup. 
In [6], the second author showed that also Cnv(+‘-‘-) holds in that case. More 
generally, it is shown in [6] that both Cnv( *) and Cnv( Y ‘) hold if cvcry intcr- 
section of distinct Sylow 2-subgroups of G is centralized by a Sylo~ 2-subgroup 
of G. 
Suppose that G has a Sylow 2-subgroup of maximal class (dihedral, generalized 
quaternion or quasidihedral). Then Cnv(*) and Cnv(*-) do not hold, as the 
example of S, (the symmetric group on four letters) shows. l’his group has one 
2-block, but it is neither 2-closed nor ‘I’I. However, if we assume also that G 
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is a 2’C-group (a 2’-closed group), then it is shown in Section 1 that Cnv(*) 
and Cnv(**) are true (Theorems 1 and 2). As a corollary we prove, using the 
classification of TI-groups in [9], that: if G is a 2’C-group with the 2-complement 
N, and its Sylow 2-subgroup S is either dihedral or quasidihedral, then 
G = S x E if and only if G is an FZD-group (Corollary 3). Finally, we show 
that Cnv( “) and Cnv( * *) hold if G has a quaternion Sylow 2-subgroup of order 8 
(Theorem 4). 
In Section 2 we show that the TI-property can be read from the character 
table of a finite group G (Theorem 6 and Corollary 7). Several authors have 
characterized the simple TI-groups by their character table. Our approach, 
which relies on the results of Section 1 as well as on [9,5,6], yields new charac- 
terizations in the simple cases as well. Thus, for example, the groups PSL(2, 2”) 
n 2 2, are characterized by the following properties: being an FZD-group, 
having one conjugacy class of 2-elements and being neither 2-closed nor 
2’-closed. 
In addition to standard notation and that introduced later on, we shall use the 
following notation. Let G be a finite group. The center of G will be denoted 
Z(G) and 1 G j2 is the 2-share of the order of G. By a defect group of G we mean a 
defect group of a 2-block of G and a 2-element of G will be called a cent& 
2-element if its centralizer contains a Sylow 2-subgroup of G. The set of Sylow 
2-subgroups of G will be denoted by Syl,(G) and that of the irreducible characters 
of G by Irr(G). If x, y, .z E G, then xc denotes the conjugacy class of x in G and 
C(x, y, z) is the coefficient of zG in the product .z”~ yG of conjugacy classes. 
1. DEFECT GROUPS, ~-CLOSURE AND TRIVIAL INTERSECTIONS 
Denote by 2 the collection of dihedral, generalized quaternion and quasi- 
dihedral %-groups. We shall say that a finite group G is a z-group if its Sylow 
2-group S of order 2” > 4 belongs to .J?. In this section we consider mainly 
2’CEgroups (%‘-closed ,%:-groups) and show that they satisfy Cnv(*) and 
Cnv(**). We also show that groups with a quaternion Sylow 2-subgroup of order 
8 satisfy Cnv( “) and Cnv( * *). 
THEOREM 1. Let G be a 2’CZgroup. Then G is a ZC-group if and only if it is 
an FD-group. 
Proof. It suffices to show that if G is an FD-group, then G is a 2C-group. So 
suppose that G is a counterexample of minimal order. By [5], j S 1 = 2” > 4. 
Thus Z(S) = (z), a cyclic group of order 2. 
LEMMA 1.1. z E Z(S,) for every Sylow 2-subgroup S, of G which contains it. 
154 CHILLAG AND HERZOG 
Proof. As G has a normal 2-complement, it follows by Theorem 21.3 in [2] 
that z is not conjugate in G to another element of S. The lemma follows. 
LEMMA 1.2. If D is a defect group of H = C,(z), then D is a defect group of G. 
Proof. Since z E D, it follows by Lemma 1.1 that N,(D) < H. By Brauer 
[l , 5A and 2A] D is a defect group of G, as required. 
LEMMA 1.3. G is not a TI-group. 
Proof. Suppose that G is a TI-group. As G is not a 2C-group, it follows by 
Suzuki [9] that S is generalized quaternion. A contradiction is reached then 
similarly to Case 1 of Theorem 1 in [6, p. 3261. 
We proceed with the proof of Theorem 1. By Lemma 1.3 there exists an 
involution x belonging to two distinct Sylow 2-subgroups S and S, of G. 
Suppose that x has a maximal j C,(x)l, among such involutions. Since S E ,x, 
1 C,(x)], = 4 or 2”. 
Case 1. 1 C,(x)j, = 2”. By Lemma 1.1 S, S’, < C,(X), whence C,(X) is not 
2-closed. By Lemma 1.2 and induction G = CG(x). Consider Q = G/(x); as 
S E z, Q has a dihedral Sylow 2-subgroup. In view of [3, V. 4.51 Q is an FD-group. 
Thus, by induction, Q is a 2C-group, hence so is G, a contradiction. 
Case 2. [ C,(x)l, = 4. In this case H = C,(X) contains the central involu- 
tions of S and S, , which are distinct by the maximality of 1 C,(X)/, . By Lemma 
1 .l, H is not 2-closed, whence by [S] H contains a defect group D satisfying: 
/ D 1 < 1 H j2 = 4. As x ED, 1 D 1 = 2 and consequently H = N,(D). Thus D 
is a defect group of G [ 1,2A], yielding the final contradiction. 
Using this result, we prove rather easily the equivalence of the TI and FZD 
properties in 2C’,Egroups. 
THEOREM 2. Let G be a 2’C.Sgroup. Then G is a TI-group ;f and only if G 
is an FZD-group. 
Proof. It suffices to show that if G is an FZD-group, then G is a TI-group. 
So suppose that G is a counterexample of minimal order. By [6], 1 S 1 = 2” > 4. 
Since G is not a TI-group, there exists an involution x belonging to two distinct 
Sylow 2-subgroups S and S, of G. Suppose that x’ has a maximal 1 CG(x)JZ 
among such involutions. Since SE 2, 1 CG(x)la = 2” or 4. If / C,(x)/, == 2”, 
then by Lemma 1.1 S, S, < C,(X), hence C,(x) is not a TI-group. By Lemma 1.2 
and induction, C,(x) = G. But then G is an FD-group, hence a ZC-group by 
Theorem 1, a contradiction. So suppose that 1 C,(x)l, = 4. A contradiction is 
reached as in Case 2 of Theorem 1, noting that for C,(X) being a 2C-group is 
equivalent to being a TI-group. The proof of Theorem 2 is complete. 
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COROLLARY 3. Let G be a 2’C-group with the normal 2-complement N and a 
dihedral or quasidihedral Sylow 2-subgroup S. Then G = S x N if and only if G 
is an FZD-group. 
Proof. By Suzuki [9] a TI-group with a dihedral or quasidihedral Sylow 
2-subgroup and a normal 2-complement is S x N. Thus Corollary 3 follows from 
Theorem 2. 
If a Sylow 2-subgroup of G is quaternion of order 8, then we have the following 
complete characterization of 2C- and TI-groups. 
THEOREM 4. Let G be a finite group with a quaternion Sylow 2-subgroup Q 
of order 8. Then the following statements hold: 
(a) G is a 2C-group if and only if it is an FD-group; 
(b) G is a TI-group if and only if it is an FZD-group. 
Proof. (a) It suffices to prove that an FD-group is a 2C-group. Let G be a 
counterexample of minimal order. If G is a TI-group, the arguments of Theorem 
1, Case 1 in [6] yield a contradiction. So suppose that G is not a TI-group and let 
D be a maximal intersection of distinct Sylow 2-subgroups of G. Then N = 
No(D) is a non-2C-group with a quaternion Sylow 2-subgroup. If N < G, then 
by induction D is a defect group of N and hence of G by [I, 2A], a contradiction. 
Thus N = G and if x is the involution of D, then G = C,(z). Consider 
H = G/(z). By [3, V. 4.51 His an FD-group with an Abelian Sylow 2-subgroup, 
hence by [5] His 2-closed. But then also G is 2-closed, a contradiction. 
(b) It suffices to prove that an FZD-group is a TI-group. Let G be a 
counterexample of minimal order, and let D be a maximal intersection of Sylow 
2-subgroups of G. As in part (a) G = N(D), hence G is an FD-group, a contra- 
diction by part (a). 
We conclude this section with a restatement of Theorems 1 and 2. 
COROLLARY 5. Let G be a$n.ite group with 1 G I2 = 2” > 4. Suppose that G 
has a unique normal subgroup of each index: 4, 8,..., 2”. Then the following statements 
hold: 
(a) G is a 2C-group if and only if it is an FD-group; 
(b) G is a TI-group if and only if it is an FZD-group. 
Proof. Clearly G is a 2’C-group. Thus the corollary follows from Theorems 1 
and 2, [q and the following lemma: 
LEMMA 1.4. Let S be a group of order 2” > 4 and suppose that it has a unique 
normal subgroup of each index: 4, S,..., 2”. Then S is cyclic, generalized quaternion, 
dihedral or quasidihedral. 
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Proof. Suppose that S is not cyclic. Then by [7,111.7.1 .c] S/S’ is not cyclic, 
and by our assumptions S/S’ is elementary Abelian of order 4. The lemma follows 
by Theorem 111.1 I .9 of [7]. 
2. THE TI-PROPERTY IS DETERMINED BY THE CHARACTER TABLE 
In this section we characterize the TI-groups by means of properties which can 
be determined from their character table. Our proof relies heavily on the results 
of Section I. 
THEOREM 6. A finite group G is a TI-group if and only if it is an FZD-group 
and one of the following statements holds; 
(1) G has a unique normal subgroup of order 2” = 1 G lr; 
(2) G has a unique normal subgroup of each index; 4, 8,..., 2”; 
(3) G has a unique normal subgroup A- of odd order and of index 24, but no 
normal subgroup of index 2; 
(4) G has one class of 2-elements io; 
(5) G has one class of central 2-elements ic and one class of noncentral 
2-elements .f G satisfying: 
(i) 2'" _ 23nl. = 43; 
(ii) I C,(i)1 = q(q -+ 1) I G(f)!; and 
(iii) G has a character X of degree at most 1 G 1 such that: 
1 i f 
A- d(q -ik 1)2(q - 1) -d(q $- 1) -d 
where d is an odd integer; 
(6) G has one class of central a-elements io and two classes of noncentral 
2-elements f Io and fzo satisf>ling: 
(i) 27% :.= 21”‘. 2 _ 4+ _ 42; 
(ii) Y(f,) = Y(f.Jfor each YE Irr(G); 
(iii) q 1 C,(f# = 2 1 Co(i);; and 
(iv) G has a character X of degree ; G I at most such that: 
1 i fi ,fi 
x d(q + r -t l)(q - 1) -d(r -c 1) -d 
where d is an odd integer; 
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(7) G has one class of central 2-elements iG and three classes of noncentral 
2-elements fj”, j = 1,2, 3, satisfying: 
(i) 271 = 23m = 43; 
(ii) 3 C&l = q(4 + 1) I CG(h)l,j = ~2, 3; 
(iii) G has a character X of degree at most / G j such that: 
1 i fl !fi ,f3 
.I d(q + lY(P - 1) --d(q + 1) --d 
u!Aere d is an odd integer; and 
(iv) G has elements x3 of odd orders e, , such that c(i,fj , xj) =# 0 fey 
j = I, 2, 3. 
Proof. port *-1. If G is a TI-group, then it is an FZD-group and at least 
one of the conditions (l)-(7) holds. 
It is well-known that G is an FZD-group. If G is of odd order, then (1) holds. 
So assume that G is of even order. By Suzuki [9, Theorem 21 one of the following 
holds: 
(a) S, a Splow 2-subgroup of G, is normal in G, 
(b) S is either cyclic or generalized quaternion, or 
(c) G contains normal subgroups Gr and Ga such that: 
G>GG,3G,>l 
where both G/G, and G, are of odd order and G,/G, is isomorphic to one of the 
following groups: PSL(2,2”), PSU(3, 2”“), or S.Z(~~~+~). 
Case (a) is covered by (1). Suppose that (b) holds. By Theorem 3 in [9], G has 
a normal subgroup N of odd order such that G/N is isomorphic to a cyclic or 
generalized quaternion 2-group or to SL(2, 3). Thus G satisfies either (2) or (3). 
Suppose, finally, that (c) holds. If PSL(2,2”) is involved, then G, = 1 by 
Theorem 6 and its proof in [9], whence G satisfies (4). If GJG, is SZ(~~‘)” ,-l), then 
again by Theorem 6 of [9] G, = 1. Thus G1 has one class of central 2-elements 
and 2 classes of noncentral 2-elements, each containing the inverses of the other. 
As G/G, is of odd order, the same holds in G, thus proving parts (i), (ii), and 
(iii) of (6). By inducing one of the characters of G1 of degree (4 + Y + l)(q - I) 
to G, we obtain a character X of G satisfying (iv) of (6), with d = / G : Gl 1. 
Thus G satisfies (6). Suppose, finally, that GJG, is PSU(3,2”). The character 
tables of the groups PSlJ(3,2”) were determined in [8]. The groups have one 
class of central involutions and one or three classes of noncentral elements of 
order 4. Since G, is of odd order, and by [9, Theorem 6] G, C Z(G,), it follows 
that Gr has the same number of conjugacy classes of 2-elements as GJG2 and 
the sizes of the corresponding classes are equal. If Gr has three classes of elements 
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of order 4, then, since / G : G, 1 is odd, these classes are either fused in G, or 
they remain distinct. Thus, G has either one or three classes of elements of 
order 4. Induce an irreducible character of G1/Gz of degree (4 + I)a(y - I) to G 
and call it X. If G has one class of elements of order 4, then it follows from the 
character table of GJGa that (5) holds. So suppose that G has three classes 
fiG,fzG andfsG of elements of order 4. As before, parts (i), (ii), and (iii) of (7) 
follow from the character table of GJG, . Let yG, be a coset of G, in G, which 
belongs to CA”’ in the notation of the table [S]. As in G,/G, 
c(G , fjG2 ,yG,) f 0 for j = 1,2, 3, 
there exist xj E yG, of odd order such that ifj = xj for j = 1,2, 3. It follows 
that c(i, fj , xj) f 0 for j = 1,2, 3, as required in part (iv) of (7). Thus G 
satisfies (7) and the proof of Part A is complete. 
Part B. Suppose that G is an FZD-group. Then each of conditions (l)-(7) 
implies that G is a TI-group. 
Condition (1) implies that G is 2-closed, hence a ‘II-group. If (2) holds, then 
G is a TI-group by Corollary 5. Suppose that G satisfies (3). Then 2?1 :: 8 
and as G/J\’ has no normal subgroups of index 2, it is 2-closed and it has no 
normal subgroups of order 4. Thus S is quaternion and by Theorem 4, G is a 
TI-group. If (4) holds, then S is elementary Abelian, and consequently G is a 
TI-group by [6]. 
Before proceeding, we shall prove: 
LEMMA 2.1. Let H be a subgroup of a $nite group G, and let x E H. Denote 
by n(H, ctg(x)) and n(x, ctd(H)) the number of conjugates of H containing x and the 
number of conjugates of x contained in H, respectively. Then: 
I Arc( ntff, CtsW = I CG(x)l 4x, ctd(W. 
If also y E H, then 
n(H, ctgtx)) I CC(X) I4x, ctdtff)) -----=- 
Wj ctdy)) I CC(Y) I NY, WW) ’ 
Finally, if yj = x, then the above ratio is greater or equal to 1. 
Proof. Follows from the counting formula 
/ G : C,(x)] n(H, ctg(x)) = 1 G : N,(H)1 n(x, ctd(H)). 
Suppose that G satisfies (6), and let A = I iG n S I. Then, by (6), (iv), 
(4,, 1s)s = 4tq + r + l)(q - 1) - 4~ + 1) - tq2 - A - l)l/q2 
= dr(q - 1 - A)/q2. 
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Since this expression is a nonnegative integer, it follows that A = Q - 1. By 
(ii) the noncentral classes of 2-elements are the inverse of each other. Hence they 
consist of elements of order 4 and 
Applying Lemma 2.1 to x = i and y = f YE fr or fs , we get in view of (iii): 
4% %(i)> 4(4 - 112 
n(S, ctg(f)) = 2q(q - 1) = l* 
Consequently, S contains f if and only if it contains f 2. As 
B = I{e e fiG u fiG 1 e2 = i}I 
is independent of the choice of i in iG, it follows by (iii) that: 
B = Ifi” ufiG l/l iG I = 2 I C@Il/l C(fJ = 4. 
Let I ==m A {SE Syl,(G) / i E S} and let C = / In iG I. Then I contains qC 
elements of order 4 and 
III = 1 +c+gc>q, 
hence q divides / I I. It follows that C > p - 1, hence / I / 2 q2 = / S i. We 
conclude that 1 I I = 1 S /, which implies that G is a TI-group. 
Next, suppose that (5) holds. As in case (6), (5)(iii) implies that I iG n S 1 = 
Q - 1, Clearly f G consists of elements of order 4 and applying Lemma 2.1 
to x = i and y = f we obtain that S contains f if and only if it contains f 2. 
Continuing as in case (6), we get 1 n {SE SyI,(G) 1 i E S}l = q3, whence G is a 
TI-group. 
Finally, suppose that G satisfies (7). It follows by (iv) that there exist yj E iG 
and z, 6 f," such that: yizj = xj for j = I, 2, 3. Thus fi are of order at least 4, 
since otherwise (yj , z,> would be dihedral of order 2ej , with ei odd, which 
would imply that yj is conjugate to zj in G. As before, (iii) implies that 
IiGnS) =q- l.HencebyLemma2.1 
n(fj 7 4s)) < I C(i)1 n(i, ctd(S))// C(fj)j)i = (q3 - g)j3 
fori = I, 2,3. As I(fiG u fiG u faG) n S / = q3 - q, it follows that 1 fjG n S / = 
(p3 - q)/3 for J’ = 1, 2, 3. Applying Lemma 2.1 to x = i and y = f = fi or 
fi orf3 > we conclude that S contains f if and only if it contains the involution in 
(f \. Let B _ I{u E fiG u f2” u fsG I in (u>}l. As fj is of order at least 4, each 
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such (ui contains an element of iG and B is clearly independent of the choice of i 
in i”. Thus, by (iii), 
Similarly to previous cases, it follows that 
whence G is a TI-group. 
The proof of Case R, and hence of Theorem 6, is complete. 
C’OROLLARY 7. y’he ;“r-pmperfy of a finite group is determizetl I?\, its ri~murfe~ 
table. 
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